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HEIGHT ONE SPECIALIZATIONS OF SELMER GROUPS
BHARATHWAJ PALVANNAN
Abstract. We provide applications to studying the behavior of Selmer groups under specialization.
We consider Selmer groups associated to four dimensional Galois representations coming from (i)
the tensor product of two cuspidal Hida families F and G, (ii) its cyclotomic deformation, (iii) the
tensor product of a cusp form f and the Hida family G, where f is a classical specialization of F with
weight k ≥ 2. We prove control theorems to relate (a) the Selmer group associated to the tensor
product of Hida families F and G to the Selmer group associated to its cyclotomic deformation and
(b) the Selmer group associated to the tensor product of f and G to the Selmer group associated to
the tensor product of F and G. On the analytic side of the main conjectures, Hida has constructed
one variable, two variable and three variable Rankin-Selberg p-adic L-functions. Our specialization
results enable us to verify that Hida’s results relating (a) the two variable p-adic L-function to
the three variable p-adic L-function and (b) the one variable p-adic L-function to the two variable
p-adic L-function and our control theorems for Selmer groups are completely consistent with the
main conjectures.
Studying the behavior of Selmer groups under specialization has been quite fruitful in the context
of the main conjectures in Iwasawa theory. We cite three examples where the topic of specializations
of Selmer groups has come up in the past; it has come up in a work of Greenberg [7] to prove a
result involving classical Iwasawa modules corresponding to a factorization formula proved by Gross
involving Katz’s 2-variable p-adic L-function, in the work of Greenberg-Vatsal [12] while studying
an elliptic curve with an isogeny of degree p and in an earlier work of ours [27] to prove a result
involving Selmer groups corresponding to a factorization formula proved by Dasgupta involving
Hida’s Rankin-Selberg 3-variable p-adic L-function.
The main results of this paper will deal with Selmer groups to which the Rankin-Selberg p-adic
L-functions, constructed by Hida in [18], are associated. The results of Lei-Loeffler-Zerbes [25]
and Kings-Loeffler-Zerbes [24] suggest that the proofs of the main conjectures associated to these
Rankin-Selberg p-adic L-functions are imminent; the results of this paper provide evidence to these
conjectures. The results of this paper contrast well with the three examples cited earlier since in
this paper we deal with “critical” specializations (the three examples cited earlier dealt with “non-
critical” specializations). After the completion of this project, the author learnt about the paper
[13] where the behavior of Selmer groups under certain critical specializations has also been studied.
Hara and Ochiai (see Theorem D in [13]) deduce the cyclotomic Iwasawa main conjecture over a
CM field E (formulated over a regular local ring with Krull dimension 2) for Hilbert cuspforms
with complex multiplication from the main conjecture formulated (over a regular local ring with
Krull dimension greater than or equal to [E:Q]2 +2) by Hida and Tilouine in [14]; the Hida-Tilouine
main conjecture has been proved by Ming-Lun Hsieh [23] under certain hypotheses. To place our
work involving specializations of Selmer groups in the context of main conjectures, this result of
[13] might serve as a useful template for the reader to keep in mind.
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To prove our results, we will use the techniques developed in an earlier work of ours [27] (which is
briefly summarized in Section 4). The novelty in the techniques introduced in [27] is that the local
domains, appearing in Hida theory and over which the main conjectures are formulated, are not
always known to be regular or even a UFD. See Section 5 where we provide such examples. These
examples are based on the circle of ideas first developed by Hida in [21] and later explored in works
of Cho [3] and Cho-Vatsal [2]. In contrast, the main conjectures over CM fields are formulated over
regular local rings. One obstacle from the perspective of commutative algebra that thus needs to be
overcome is that the kernel of the specialization map (which in our case is a prime ideal of height
one) is not known to be principal. See Remark 5
Let us introduce some notations. Let p ≥ 5 be a fixed prime number. Let F =∑∞n=1 anqn ∈ RF [[q]]
and G =
∑∞
n=1 bnq
n ∈ RG[[q]] be two ordinary cuspidal Hida families. Here, we let RF and RG
denote the integral closures of the irreducible components of the ordinary primitive cuspidal Hecke
algebras through F and G respectively. The rings RF and RG turn out to be finite integral ex-
tensions of Zp[[xF ]] and Zp[[xG]] respectively, where xF and xG are “weight variables” for F and G
respectively. We assume the following hypotheses on F and G:
IRR The residual representations associated to F and G are absolutely irreducible.
p-DIS-IN The restrictions, to the inertia subgroup Ip at p, of the residual representations associ-
ated to F and G have non-scalar semi-simplifications.
Let Σ be a finite set of primes in Q containing the primes p, ∞, a finite prime l0 6= p and all the
primes dividing the levels of F and G. Let Σ0 = Σ \ {p}. Let O denote the ring of integers in a
finite extension of Qp. Let QΣ denote the maximal extension of Q unramified outside Σ. Let GΣ
denote Gal(QΣ/Q). We have Galois representations ρF : GΣ → GL2(RF ) and ρG : GΣ → GL2(RG)
associated to F and G respectively (see [16]). We let LF (and LG) be the free RF -module (and
RG-module) of rank 2 on which GΣ acts to let us obtain the Galois representation ρF (and ρG
respectively). Assume that the integral closures of Zp in RF and RG are equal (extending scalars if
necessary)1 to O.
Specializing from 3-variables to 2-variables. Let RF,G denote the completed tensor product
RF ⊗̂RG. The completed tensor product is the co-product in the category of complete semi-local
Noetherian O-algebras (where the morphisms are continuous O-algebra maps). We have the natural
inclusions iF : RF →֒ RF,G and iG : RG →֒ RF,G. One can construct a 4-dimensional Galois
representation ρF,G : GΣ → GL4(RF,G), that is given by the action of GΣ on the following free
RF,G-module of rank 4:
L2 := HomRF,G
(
LF ⊗RF RF,G, LG ⊗RG RF,G
)
.
Let ρF,G ⊗ κ−1 : GΣ → GL4(RF,G[[Γ]]) denote the Galois representation given by the action of GΣ
on the following free RF,G[[Γ]]-module of rank 4:
L3 := L2 ⊗RF,G RF,G[[Γ]](κ−1).
We letQ∞ denote the cyclotomic Zp-extension ofQ and we let Γ denote the Galois group Gal(Q∞/Q).
Here, κ : GΣ ։ Γ →֒ Zp[[Γ]]× denotes the tautological character. To simplify notations, we will
1The ring RF,G turns out to be a domain. This is because the completed tensor product RF,G can be shown to
be isomorphic to the tensor product RF [[xG]] ⊗O[[xG]] RG. The fraction field of RG is a finite field extension of the
fraction field of O[[xG]], while the fraction field of RF [[xG]] is a purely transcendental extension of the fraction field
of O[[xG]]. Since the fraction fields of RF [[xG]] and RG are “ linearly disjoint over the fraction field of O[[xG]]”, the
tensor product RF [[xG]]⊗O[[xG]] RG (and hence RF,G) turns out to be a domain.
2
let ρ2 denote ρF,G and ρ3 denote ρF,G ⊗ κ−1. Hida has constructed elements θΣ02 and θΣ03 , in the
fraction fields of RF,G and RF,G[[Γ]] respectively, as generators for non-primitive p-adic L-functions
associated to ρ2 and ρ3 respectively. See section 7.4 and section 10.4 of [19] for their constructions
and the precise interpolation properties that they satisfy. The elements θΣ02 and θ
Σ0
3 generate a
2-variable p-adic L-function and 3-variable p-adic L-function respectively. For the 2-variable p-adic
L-function, one can vary the weights of F and G. For the 3-variable p-adic L-function, in addition
to the weights of F and G, one can also vary the cyclotomic variable. Notice that the subscripts in
our notation for the Galois representations or the associated Galois lattices indicate the number of
variables in the corresponding p-adic L-functions.
Let π3,2 : RF,G[[Γ]]→ RF,G be the map defined by sending every element of Γ to 1. We have the
Galois representation π3,2 ◦ ρ3 : GΣ ρ3−→ GL4(RF,G[[Γ]]) pi3,2−−→ GL4(RF,G), along with the following
isomorphism of Galois representations:
π3,2 ◦ ρ3 ∼= ρ2.(1)
Hida has proved the following theorem relating θΣ02 and θ
Σ0
3 . See Theorem 1 in Section 10.5 of [19]
and Theorem 5.1d’ in [18].
Theorem 1 (Hida). π3,2
(
θΣ03
)
=
(
1− iF (ap)iG(bp)
)
· θΣ02 .
Recall that the ordinariness assumption on F and G ensures us that the coefficients iF (ap) and
iG(bp) would be units in the ring RF,G. On the algebraic side, we can construct Selmer groups
SelΣ0ρ2 (Q) and Sel
Σ0
ρ3 (Q) associated to the Galois representations ρ2 and ρ3 respectively. We prove
the following control theorem relating SelΣ0ρ2 (Q) and Sel
Σ0
ρ3 (Q):
Theorem 2. We have the following equality in the divisor group of RF,G:
Div
(
SelΣ0ρ3 (Q)
∨ ⊗RF,G[[Γ]] RF,G
)
+Div
(
H0(GΣ,Dρ3)
∨[ker(π3,2)]
)
= Div
(
SelΣ0ρ2 (Q)
∨)+Div(1− iF (ap)
iG(bp)
)
.
Let us explain some of our notations. If A is a profinite ring, we let Â denote the Pontryagin dual
of A. If M is a continuous A-module, we let M∨ denote its Pontryagin dual. To a finitely gener-
ated torsion module over an integrally closed Noetherian local domain or a non-zero element of its
fraction field, we shall associate an element of the divisor group following [8]. If M is an A-module
and I is an ideal of A, the A/I-module M [I] is defined to be the set {m ∈M | i ·m = 0, ∀i ∈ I}.
The discrete modules Dρ3 , Dρ2 and Dρ1 will be precisely defined in Section 1. We will assume
throughout this paper that the RF,G[[Γ]]-module Sel
Σ0
ρ3 (Q)
∨ and the RF,G-module SelΣ0ρ2 (Q)
∨ are
torsion.
One can formulate a main conjecture in Iwasawa theory for ρ2 and ρ3 following [8]. The main
conjecture for ρ3 predicts the following equality of divisors in RF,G[[Γ]]:
Div
(
θΣ03
)
?
= Div
(
SelΣ0ρ3 (Q)
∨)−Div (H0(GΣ,Dρ3)∨) .(MC-ρ3)
The main conjecture for ρ2 predicts the following equality of divisors in RF,G:
Div
(
θΣ02
)
?
= Div
(
SelΣ0ρ2 (Q)
∨)−Div (H0(GΣ,Dρ2)∨) .(MC-ρ2)
We prove the following theorem to show that Theorem 1 and Theorem 2 are completely consistent
with the main conjectures MC-ρ3 and MC-ρ2:
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Theorem 3. If the main conjecture MC-ρ3 holds, then the main conjecture MC-ρ2 also holds.
Remark 1. As we will show in equation (8), we have the following isomorphism of RF,G-modules:
Tor
RF,G[[Γ]]
1
(
RF,G, H
0(GΣ,Dρ3)
∨) ∼= H0(GΣ,Dρ3)∨[ker(π3,2)].(2)
Regarding Theorem 2, it will be useful to keep this isomorphism in mind. Since we invoke results
from homological algebra, we will need to use the Tor functor frequently.
Specializing from 2-variables to 1-variable. Let f be a cuspidal p-stabilized eigenform obtained
by specializing F at a classical height one prime ideal Pk of weight k ≥ 2. Let ρf : GΣ → GL2(Of )
denote the Galois representation associated to f (constructed by Deligne). Here, Of denotes the
integral closure of RFPk . We also obtain a natural map πf : RF → Of . We let Lf denote the free
Of -module of rank 2 on which GΣ acts to let us obtain the Galois representation ρf . Let Rf,G
be the completed tensor product Of ⊗̂RG. We have natural maps jF : RF → Of →֒ Rf,G and
jG : RG →֒ Rf,G. Consider the 4-dimensional Galois representation ρ1 : GΣ → GL4(Rf,G) given by
the action of GΣ on the rank 4 free Rf,G-module:
L1 := HomRf,G (LF ⊗RF Rf,G, LG ⊗RG Rf,G) .
Hida has also constructed an element θΣ01 , in the fraction field of Rf,G, that generates a non-
primitive 1-variable Rankin-Selberg p-adic L-function associated to ρ1. See section 7.4 in [19] for
its construction and the precise interpolation properties that θΣ01 satisfies. For the 1-variable p-adic
L-function, one can vary the weight of G. We have a natural map π2,1 : RF,G → Rf,G obtained by
the maps jF : RF → Of →֒ Rf,G and jG : RG →֒ Rf,G. The map π2,1 : RF,G → Rf,G lets us obtain
the following isomorphism of Galois representations:
π2,1 ◦ ρ2 ∼= ρ1.(3)
Hida has proved following theorem relating θΣ02 and θ
Σ0
1 (see the comment just before Theorem 2
in section 7.4 of [19]):
Theorem I (Hida). π2,1
(
θΣ02
)
= θΣ01 .
Associated to ρ1, we can construct the Selmer group Sel
Σ0
ρ1 (Q) . We will assume that Sel
Σ0
ρ1 (Q)
∨
is a torsion Rf,G-module. We prove the following control theorem relating Sel
Σ0
ρ1 (Q) and Sel
Σ0
ρ2 (Q):
Theorem II. We have the following equality in the divisor group of Rf,G :
Div
(
SelΣ0ρ2 (Q)
∨ ⊗RF,G Rf,G
)
+Div
(
Tor
RF,G
1
(
Rf,G, H
0(GΣ,Dρ2)
∨))
= Div
(
SelΣ0ρ1 (Q)
∨
)
.
The main conjecture for ρ1 predicts the following equality of divisors in Rf,G:
Div
(
θΣ01
)
?
= Div
(
SelΣ0ρ1 (Q)
∨)−Div (H0(GΣ,Dρ1)∨) .(MC-ρ1)
We prove the following theorem to show that Theorem I and Theorem II are completely consistent
with the main conjectures MC-ρ2 and MC-ρ1:
Theorem III. If the main conjecture MC-ρ2 holds, then the main conjecture MC-ρ1 also holds.
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Remark 2. One can combine Proposition 4.3 and Lemma 4.4 to obtain the following equality of
divisors in Rf,G:
Div
(
Tor
RF,G
1
(
Rf,G, H
0(GΣ,Dρ2)
∨))(4)
= Div
((
H0(GΣ,Dρ2)
∨[ker(π2,1)]
) ⊗ RF,G
ker(π2,1)
Rf,G
)
,
which is similar to the one obtained in equation (2). As mentioned in Remark 1, we prefer stating
Theorem II using the term on the left hand side of equation (4) involving the Tor functor (instead
of the term appearing on the right hand side).
Remark 3. The main conjectures, formulated in [8], relate the primitive Selmer groups to the
primitive p-adic L-functions. It is possible to relate the primitive Selmer groups to the non-primitive
Selmer groups; it is also possible to relate the primitive p-adic L-functions to the non-primitive p-
adic L-functions. As a result, it will be possible to formulate a conjecture, that is equivalent to
the one formulated in [8], relating the non-primitive Selmer groups to the non-primitive p-adic L-
functions. It is the latter formulation that we adopt in this paper. Since we are motivated by Hida’s
results involving the non-primitive p-adic L-functions, we will only work with the non-primitive
Selmer groups; and since Hida’s results simply serve as heuristics to motivate our theorems, we will
not concern ourselves with proving that Greenberg’s formulation of the main conjectures for ρ3, ρ2
and ρ1 involving primitive Selmer groups and primitive p-adic L-functions in [8] are equivalent to
MC-ρ3, MC-ρ2, MC-ρ1 respectively.
Remark 4. We would like make the reader aware of a point that was conveyed to us by Haruzo
Hida. The p-adic L-functions θΣ01 , θ
Σ0
2 and θ
Σ0
3 are “genuine” in the sense of [20] and do not
exactly equal the p-adic L-functions constructed in [19]. Recall that we have inclusions RG →֒ Rf,G
and RG →֒ RF,G →֒ RF,G[[Γ]]. There is an element Θ ∈ RG that corresponds to the divisor of
a one-variable p-adic L-function associated to the 3-dimensional adjoint representation Ad0(ρG)
(see Conjecture 1.0.1 in [20]). The p-adic L-functions, that are constructed in [19] as elements of
the fraction fields of Rf,G, RF,G and RF,G[[Γ]] respectively, are in fact equal to
θ
Σ0
1
Θ ,
θ
Σ0
2
Θ and
θ
Σ0
3
Θ
respectively. A discussion surrounding the need to introduce this modification, which is related to
the choice of a certain period (Neron period versus a period involving the Peterson inner product),
is carefully explained in [20] (see the introduction and Section 6 there). This point will not matter
to us since the maps π3,2 and π2,1 are RG-linear.
Remark 5. The obstacle, presented by the fact the local domains appearing in Hida theory need
not even be UFDs, manifests itself in the following way. Although one is interested in results, such
as the one in Theorem 2 (and Theorem II respectively), in the divisor group of RF,G (and Rf,G
respectively), one is forced to consider the localizations of SelΣ0ρ3 (Q)
∨ (and SelΣ0ρ2 (Q)
∨ respectively)
at certain height two prime ideals of RF,G[[Γ]] (and RF,G respectively).
Remark 6. We always work with the hypothesis (labeled TOR in Section 1) that the RF,G[[Γ]]-
module SelΣ0ρ3 (Q)
∨, the RF,G-module SelΣ0ρ2 (Q)
∨ and the Rf,G-module SelΣ0ρ1 (Q)
∨ are torsion. To
establish the hypothesis TOR, one can utilize the techniques involving Euler systems developed by
Lei-Loeffler-Zerbes [25] and Kings-Loeffler-Zerbes [24]. We refer the reader to [25] and [24] for the
precise conditions when the Euler system machinery is available. Under these conditions, to es-
tablish TOR, one has to show that Hida’s Rankin-Selberg p-adic L-functions θΣ03 , θ
Σ0
2 and θ
Σ0
1 are
non-zero. The non-vanishing of these p-adic L-functions is a recent work in progress of Jeanine Van
Order. See [28] and [29].
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It will be possible to obtain results, consistent with the various main conjectures, without assum-
ing TOR. We briefly indicate how to obtain such results, though we leave the precise details to
the interested reader. Suppose the RF,G-module Sel
Σ0
ρ2 (Q)
∨ is not torsion. The Iwasawa main con-
jecture predicts that θΣ02 equals zero. On the analytic side, Hida’s theorem (Theorem 1) predicts
that π3,2(θ
Σ0
3 ) equals zero. On the algebraic side, one can establish a control theorem to show that
ker(π3,2) belongs to the support of the RF,G[[Γ]]-module Sel
Σ0
ρ3 (Q)
∨.
Suppose the Rf,G-module Sel
Σ0
ρ1 (Q)
∨ is not torsion. The Iwasawa main conjecture predicts that
θΣ01 equals zero. On the analytic side, Hida’s theorem (Theorem I) predicts that π2,1(θ
Σ0
2 ) equals
zero. On the algebraic side, one can similarly establish a control theorem to show that ker(π2,1)
belongs to the support of the RF,G-module Sel
Σ0
ρ2 (Q)
∨.
1. Selmer groups
The hypothesis p-DIS-IN lets us obtain following Gal(Qp/Qp)-equivariant short exact sequences
of free RF and RG modules respectively:
0→ Fil+LF︸ ︷︷ ︸
Rank=1
→ LF︸︷︷︸
Rank=2
→ LF
Fil+LF︸ ︷︷ ︸
Rank=1
→ 0, 0→ Fil+LG︸ ︷︷ ︸
Rank=1
→ LG︸︷︷︸
Rank=2
→ LG
Fil+LG︸ ︷︷ ︸
Rank=1
→ 0.(5)
Here, the action of Gal(Qp/Qp) on the rank 1modules Fil
+LF and Fil
+LG is given by ramified char-
acters δF : Gal(Qp/Qp)→ R×F and δG : Gal(Qp/Qp)→ R×G respectively. The action of Gal(Qp/Qp)
on the rank 1 modules LF
Fil+LF
and LG
Fil+LG
is given by unramified characters ǫF : Gal(Qp/Qp)→ R×F
and ǫG : Gal(Qp/Qp) → R×G respectively. Note that ǫF (Frobp) = ap and ǫG(Frobp) = bp. Further-
more, using the residual characters δF : Gal(Qp/Qp)→ F×p and δG : Gal(Qp/Qp) → F×p associated
to δF and δG respectively, the hypothesis p-DIS-IN can be restated in the following way:
δF |Ip 6= 1, δG |Ip 6= 1.(p-DIS-IN)
Here, Ip denotes the inertia subgroup inside the decomposition group Gal(Qp/Qp). Analogous to
the short exact sequences in (5), we can now form the following Gal(Qp/Qp)-equivariant short exact
sequence of free RF,G[[Γ]]-modules:
0→ Fil+L3︸ ︷︷ ︸
Rank=2
→ L3︸︷︷︸
Rank=4
→ L3
Fil+L3︸ ︷︷ ︸
Rank=2
→ 0,
where
Fil+L3 := HomRF,G
(
LF ⊗RF RF,G, Fil+LG ⊗RG RF,G
)⊗RF,G RF,G[[Γ]](κ−1).
We would like to emphasize the following isomorphisms of RF,G and Rf,G-modules respectively.
L2 ∼= L3 ⊗RF,G[[Γ]] RF,G, L1 ∼= L2 ⊗RF,G Rf,G.(6)
Once again, analogous to the short exact sequences in (5), we can now form the following Gal(Qp/Qp)-
equivariant short exact sequence of free RF,G and Rf,G modules respectively:
0→ Fil+L2︸ ︷︷ ︸
Rank=2
→ L2︸︷︷︸
Rank=4
→ L2
Fil+L2︸ ︷︷ ︸
Rank=2
→ 0, 0→ Fil+L1︸ ︷︷ ︸
Rank=2
→ L1︸︷︷︸
Rank=4
→ L1
Fil+L1︸ ︷︷ ︸
Rank=2
→ 0,
where
Fil+L2 := Fil
+L3 ⊗RF,G[[Γ]] RF,G, Fil+L1 := Fil+L2 ⊗RF,G Rf,G.
6
To the Galois representations ρ3, ρ2 and ρ1, we can now associate the following discrete modules:
Dρ3 = L3 ⊗RF,G[[Γ]] ̂RF,G[[Γ]], Fil+Dρ3 = Fil+L3 ⊗RF,G[[Γ]] ̂RF,G[[Γ]]
Dρ2 = L2 ⊗RF,G R̂F,G, Fil+Dρ2 = Fil+L2 ⊗RF,G R̂F,G
Dρ1 = L1 ⊗Rf,G R̂f,G, Fil+Dρ1 = Fil+L1 ⊗Rf,G R̂f,G.
We now define the (discrete) non-primitive Selmer groups associated to the Galois representations
ρ3, ρ2 and ρ1 respectively. Since we do not discuss primitive Selmer groups in this paper, we will refer
to the non-primitive Selmer groups simply as Selmer groups (without the prefix “non-primitive”).
Let i ∈ {1, 2, 3}.
SelΣ0ρi (Q) := ker
(
H1(GΣ,Dρi)
φ
Σ0
ρi−−→ H1
(
Ip,
Dρi
Fil+Dρi
)Γp)
.
Here, Γp =
Gal(Qp/Qp)
Ip
. Throughout this paper, we will suppose that the following hypothesis holds.
RankRF,G[[Γ]]
(
SelΣ0ρ3 (Q)
∨) = 0,(TOR)
RankRF,G
(
SelΣ0ρ2 (Q)
∨) = 0,
RankRf,G
(
SelΣ0ρ1 (Q)
∨) = 0.
Let us now discuss the proofs of Theorems 2 and 3 along with the proofs of Theorems II and
III. These proofs will utilize the control theorems and specialization results developed in our earlier
work [27]. The control theorems are developed in Section 6 of [27] (see Proposition 6.2 in [27]).
The specialization results are developed Section 5 of [27] (see Proposition 5.2 in [27]). We will treat
those results as black boxes. We summarize the results of [27] in section 4.
2. Proofs of Theorem 2 and 3
One can use Proposition 6.2 in Section 6 of [27] to establish a control theorem relating SelΣ0ρ3 (Q)
to SelΣ0ρ2 (Q) (see Section 4). We have the following equality of divisors in RF,G:
Div
(
SelΣ0ρ3 (Q)
∨ ⊗RF,G[[Γ]] RF,G
)
+Div
(
Tor
RF,G[[Γ]]
1
(
RF,G,H
0(GΣ,Dρ3 )
∨))(7)
= Div
(
SelΣ0ρ2 (Q)
∨)+Div(TorRF,G[[Γ]]1 (RF,G,H0(Ip, Dρ3Fil+Dρ3
)∨)
Γp
)
.
We will view RF,G as an RF,G[[Γ]]-module via the map π3,2 : RF,G[[Γ]]→ RF,G. As a topological
group, Γ ∼= Zp. Let’s choose a topological generator γ0 of Γ. The prime ideal ker(π3,2) is generated
by γ0−1 as an RF,G[[Γ]]-module. Consider the short exact sequence 0→ RF,G[[Γ]] γ0−1−−−→ RF,G[[Γ]]→
RF,G → 0 of RF,G[[Γ]]-modules. Taking the tensor product with the RF,G[[Γ]]-module H0(GΣ,Dρ3)∨
over the ring RF,G[[Γ]] gives us following isomorphism:
Tor
RF,G[[Γ]]
1
(
RF,G, H
0(GΣ,Dρ3)
∨) ∼= H0(GΣ,Dρ3)∨[ker(π3,2)].(8)
Lemma 4.8 establishes the following isomorphism of RF,G-modules:
Tor
RF,G[[Γ]]
1
(
RF,G, H
0
(
Ip,
Dρ3
Fil+Dρ3
)∨)
Γp
∼= RF,G(
1− iF (ap)iG(bp)
) .(9)
Combining equations (7), (8), and (9) completes the proof of Theorem 2.
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Now suppose that the main conjecture MC-ρ3 holds. That is, we have the following equality in
the divisor group of RF,G[[Γ]]:
Div
(
θΣ03
)
= Div
(
SelΣ0ρ3 (Q)
∨)−Div (H0(GΣ,Dρ3)∨) .(MC-ρ3)
We will later outline in Section 4 how the specialization result (Proposition 5.2 in Section 5 of [27])
lets us obtain the following equality of divisors in RF,G:
Div
(
π3,2
(
θΣ03
))
= Div
(
SelΣ0ρ3 (Q)
∨ ⊗RF,G[[Γ]] RF,G
)
+(10)
+Div
(
Tor
RF,G[[Γ]]
1
(
RF,G,H
0(GΣ,Dρ3)
∨))−Div (H0(GΣ,Dρ2)∨) .
Theorem 1 establishes the following equality in the divisor group of RF,G:
Div
(
π3,2
(
θΣ03
))
= Div
(
θΣ0ρ2
)
+Div
(
1− iF (ap)
iG(bp)
)
.(11)
Theorem 2 along with equation (8) establishes the following equality in the divisor group of RF,G:
Div
(
SelΣ0ρ3 (Q)
∨ ⊗RF,G[[Γ]] RF,G
)
+Div
(
Tor
RF,G[[Γ]]
1
(
RF,G, H
0(GΣ,Dρ3)
∨))(12)
= Div
(
SelΣ0ρ2 (Q)
∨)+Div(1− iF (ap)
iG(bp)
)
.
Now combining equations (10), (11) and (12), we have the following equality of divisors in RF,G:
Div
(
θΣ02
)
= Div
(
SelΣ0ρ2 (Q)
∨)−Div (H0(GΣ,Dρ2)∨) .(MC-ρ2)
This completes the proof of Theorem 3.
3. Proofs of Theorem II and III
The proofs of Theorem II and III will be similar to the proofs of Theorem 2 and 3. Proposition
6.2 in Section 6 of [27] will allow us to establish a control theorem relating SelΣ0ρ2 (Q)
∨ ⊗RF,G Rf,G
to SelΣ0ρ1 (Q)
∨. We have the following equality of divisors in Rf,G:
Div
(
SelΣ0ρ2 (Q)
∨ ⊗RF,G Rf,G
)
+Div
(
Tor
RF,G
1
(
Rf,G,H
0(GΣ,Dρ2 )
∨))(13)
= Div
(
SelΣ0ρ1 (Q)
∨)+Div(TorRF,G1 (Rf,G,H0(Ip, Dρ2Fil+Dρ2
)∨)
Γp
)
.
Lemma 4.9 establishes the following equality:
Tor
RF,G
1
(
Rf,G, H
0
(
Ip,
Dρ2
Fil+Dρ2
)∨)
= 0.(14)
Combining equations (13) and (14) completes the proof of Theorem II.
Now suppose that the main conjecture MC-ρ2 holds. That is, we have the following equality in
the divisor group of RF,G:
Div
(
θΣ02
)
= Div
(
SelΣ0ρ2 (Q)
∨)−Div (H0(GΣ,Dρ2)∨) .(MC-ρ2)
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As before, we will later outline in Section 4 how the specialization result (Proposition 5.2 in Section
5 of [27]) lets us obtain the following equality of divisors in Rf,G:
Div
(
π2,1
(
θΣ02
))
= Div
(
SelΣ0ρ2 (Q)
∨ ⊗RF,G Rf,G
)
(15)
+Div
(
Tor
RF,G
1
(
Rf,G,H
0(GΣ,Dρ2)
∨))−Div (H0(GΣ,Dρ1)∨) .
Theorem I establishes the following equality in the divisor group of Rf,G:
Div
(
π2,1
(
θΣ02
))
= Div
(
θΣ0ρ1
)
.(16)
Theorem II establishes the following equality in the divisor group of Rf,G:
Div
(
SelΣ0ρ2 (Q)
∨ ⊗RF,G Rf,G
)
+Div
(
Tor
RF,G
1
(
RF,G, H
0(GΣ,Dρ2)
∨))(17)
= Div
(
SelΣ0ρ1 (Q)
∨) .
Now combining equations (15), (16) and (17), we have the following equality of divisors in Rf,G:
Div
(
θΣ01
)
= Div
(
SelΣ0ρ1 (Q)
∨)−Div (H0(GΣ,Dρ1)∨) .(MC-ρ1)
This completes the proof of Theorem III.
4. Towards the control theorems and specialization results
The hypothesis TOR plays a crucial role in establishing many structural properties of the Galois
cohomology groups and Selmer groups. The control theorems and specialization results rely heavily
on Greenberg’s foundational works ([9], [10] and [11]). In these works, the Weak Leopoldt conjecture
often comes into play. Let i ∈ {1, 2, 3}. We consider the following group:
X
2 (Dρi) := ker
(
H2(GΣ,Dρi)→
∏
ν∈Σ
H2(Gal(Qν/Qν),Dρi)
)
.
The validity of TOR ensures us that the following statement Weak Leo holds:
Weak Leo X
2(Dρ3)
∨, X2(Dρ2)
∨ and X2(Dρ1)
∨ are torsion RF,G[[Γ]], RF,G and Rf,G modules
respectively.
For each i ∈ {1, 2, 3} and each ν ∈ Σ0, the validity of TOR also lets us deduce the following
equalities:
H2(Gal(Qν/Qν),Dρi) = 0, ∀ν ∈ Σ0; H2
(
Gal(Qp/Qp),
Dρi
Fil+Dρi
)
= 0.
The Galois representation ρ3 is related to the cyclotomic deformation of ρ2 (see Section 3 of [8] for
a description of the cyclotomic deformation). Equation (18) can be deduced from the arguments
given in Section 5 of [10]. The arguments involve combining local duality, Proposition 3.10 in [9]
along with results from Section 3 in [8]. These arguments are also described in Section 4 of [27].
H2
(
Gal(Qp/Qp),Dρ3
)
= H2
(
Gal(Qp/Qp),Fil
+Dρ3
)
= 0.(18)
We will use local duality to establish a similar result for ρ2 and ρ1. See Lemma 4.10.
H2
(
Gal(Qp/Qp),Dρ2
)
= H2
(
Gal(Qp/Qp),Fil
+Dρ2
)
= 0,
H2
(
Gal(Qp/Qp),Dρ1
)
= H2
(
Gal(Qp/Qp),Fil
+Dρ1
)
= 0.
These observations, along with Corollary 4.11, establish the following statement:
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Van-H2 Let i ∈ {1, 2, 3}. Let ν ∈ Σ0. We have
H2(GΣ,Dρi) = H
2(Gal(Qν/Qν),Dρi) = H
2
(
Gal(Qp/Qp),Dρi
)
=
= H2
(
Gal(Qp/Qp),Fil
+Dρi
)
= H2
(
Gal(Qp/Qp),
Dρi
Fil+Dρi
)
= 0.
We will now summarize the arguments involved in deducing the specialization results given in
equations (10) and (15). Let X3 = Sel
Σ0
ρ3 (Q)
∨ and X2 = SelΣ0ρ2 (Q)
∨. Given the divisor Div(X3) in
RF,G[[Γ]] (and Div(X2) inRF,G respectively), we would like to find the divisorDiv
(
X3 ⊗RF,G[[Γ]] RF,G
)
in RF,G (and Div
(
X2 ⊗RF,G Rf,G
)
in Rf,G respectively). For this purpose, we will use Proposition
5.2 in Section 5 of [27]. One of the hypotheses involved in the Proposition there concerns the
following statement:
Fin-Proj For every height two prime ideal Q3,2 in RF,G[[Γ]] containing ker(π3,2), the projective
dimension of
(
SelΣ0ρ3 (Q)
∨)
Q3,2
is finite.
For every height two prime ideal Q2,1 in RF,G containing ker(π2,1), the projective di-
mension of
(
SelΣ0ρ2 (Q)
∨)
Q2,1
is finite.
Let us suppose that Fin-Proj holds (we will briefly discuss later why Fin-Proj holds). Another
hypothesis involved in Proposition 5.2 in section 5 of [27] requires us to show that the maximal
RF,G[[Γ]] (and RF,G respectively) pseudo-null submodule of X3 (and X2 respectively) is trivial. For
this purpose, we will first define the strict (non-primitive) Selmer group, for each i ∈ {1, 2, 3}, as
follows:
SelΣ0,strρi (Q) := ker
(
H1(GΣ,Dρi)
φ
Σ0,str
ρi−−−−→ H1
(
Gal(Qp/Qp),
Dρi
Fil+Dρi
))
.
Combining Proposition 4.2.1 and Proposition 4.3.2 from [11] with the statements TOR and Van-H2,
we obtain that the RF,G[[Γ]]-module SelΣ0,strρ3 (Q)
∨ and the RF,G-module SelΣ0,strρ2 (Q)
∨ have no non-
trivial pseudo-null submodules. Also for each i ∈ {1, 2, 3}, one has the following short exact sequence
relating SelΣ0,strρi (Q) to Sel
Σ0
ρi (Q):
0→ SelΣ0,strρi (Q)
αi−→ SelΣ0ρi (Q)→ H1
(
Γp,H
0
(
Ip,
Dρi
Fil+Dρi
))
→ 0.
In the cases we are interested in, Lemma 4.7 tells us that H1
(
Γp,H
0
(
Ip,
Dρi
Fil+Dρi
))
= 0, for each
i ∈ {1, 2, 3}. This lets us conclude that the map αi is an isomorphism for each i ∈ {1, 2, 3}. We
have the following statement:
No-PN The RF,G[[Γ]]-module SelΣ0ρ3 (Q)
∨ has no non-trivial pseudo-null submodules.
The RF,G-module SelΣ0ρ2 (Q)
∨ has no non-trivial pseudo-null submodules.
Let Q3,2 (and Q2,1 respectively) be a height two prime ideal in RF,G[[Γ]] (and RF,G respectively)
containing ker(π3,2) (and ker(π2,1) respectively). No-PN allows us to conclude that
depth(RF,G[[Γ]])Q3,2
(X3)Q3,2 ≥ 1, depth(RF,G)Q2,1
(X2)Q2,1 ≥ 1.(19)
The hypotheses Fin-Proj allows us to use the Auslander-Buchsbaum formula. Combining
equation (19) along with the Auslander-Buchsbaum formula over the two-dimensional local rings(
RFG, [[Γ]]
)
Q3,2
and (RF,G)Q2,1 allows us to make the following conclusion involving projective di-
mensions:
pd(RF,G[[Γ])Q3,2
(X3)Q3,2 ≤ 1, pd(RF,G)Q2,1
(X2)Q2,1 ≤ 1.(20)
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This allows us to write down projective resolutions for (X3)Q3,2 (and (X2)Q2,1 respectively) over
(RF,G[[Γ]])Q3,2 (and (RF,G)Q2,1 respectively). Let A3 = (RF,G[[Γ]])Q3,2 and A2 = (RF,G)Q2,1 . Both
the rings A3 and A2 have Krull dimension two. We have the following short exact sequences:
0→ An33
ω3−→ An33 → (X3)q3 → 0, 0→ An22
ω2−→ An22 → (X2)q2 → 0.
Here, we have matrices ω3 ∈Mn3(A3) and ω2 ∈Mn2(A2). Consider the ringsB2 := A3 ⊗RF,G[[Γ]] RF,G
and B1 := A2⊗RF,G Rf,G, both of which have Krull dimension one. Taking the tensor product with
the RF,G[[Γ]]-module RF,G (and RF,G-module Rf,G respectively), we obtain the following short exact
sequences:
0→ Bn32
pi3,2(ω3)−−−−−→ Bn32 → X3 ⊗RF,G[[Γ]] B2 → 0,
0→ Bn21
pi2,1(ω2)−−−−−→ Bn21 → X2 ⊗RF,G B1 → 0.
If we let lenA(M) denote the length of an A-module M , we have
lenB2
(
B2
(π3,2(det(ω3)))
)
= lenB2
(
X3 ⊗RF,G[[Γ]] B2
)
,
lenB1
(
B1
(π2,1(det(ω2)))
)
= lenB1
(
X2 ⊗RF,G B1
)
.
It is this observation that we will maneuver to obtain information about the divisorsDiv
(
X3 ⊗RF,G[[Γ]] RF,G
)
and Div
(
X2 ⊗RF,G Rf,G
)
in RF,G and Rf,G respectively.
In what follows, we will keep the isomorphism SelΣ0ρi (Q∞)
∼= SelΣ0,strρi (Q∞) in mind to estab-
lish Fin-Proj. We can combine Corollary 3.2.3 in [10] with TOR and Van-H2 to establish the
following statement:
Surj The global-to-local maps φΣ0ρ3 , φ
Σ0
ρ2 and φ
Σ0
ρ1 defining the Selmer groups Sel
Σ0
ρ3 (Q), Sel
Σ0
ρ2 (Q)
and SelΣ0ρ1 (Q) respectively are surjective.
Let Q3,2 (and Q2,1 respectively) be a height two prime ideal in RF,G[[Γ]] (and RF,G respectively)
containing ker(π3,2) (and ker(π2,1) respectively). To establish Fin-Proj, it will suffice to prove that
the projective dimensions of the (RF,G[[Γ]])Q3,2-modules
H1 (GΣ,Dρ3)
∨ ⊗RF,G[[Γ]] RF,G[[Γ]]Q3,2 ,
H1
(
Gal(Qp/Qp),
Dρ3
Fil+Dρ3
)∨
⊗RF,G[[Γ]] (RF,G[[Γ]])Q3,2 ,
and the projective dimensions of the (RF,G)Q2,1-modules
H1 (GΣ,Dρ2)
∨ ⊗RF,G (RF,G)Q2,1 ,
H1
(
Gal(Qp/Qp),
Dρ2
Fil+Dρ2
)∨
⊗RF,G (RF,G)Q2,1 ,
respectively are finite. The hypothesis Van-H2 allows us to apply Proposition 5.5 in [27]. It will
now suffice to prove the following statements Reg-ρ3 and Reg-ρ2:
Reg-ρ3 For every height two prime idealQ3,2 containing ker(π3,2) and in the support ofH0(GΣ,Dρ3)
∨
or H0
(
Gal(Qp/Qp),
Dρ3
Fil+Dρ3
)∨
, the 2-dimensional local ring (RF,G[[Γ]])Q3,2 is regular.
Reg-ρ2 For every height two prime idealQ2,1 containing ker(π2,1) and in the support ofH0(GΣ,Dρ2)
∨,
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• the 2-dimensional local ring (RF,G)Q2,1 is regular;
• the 1-dimensional ring
(
RF,G
ker(pi2,1)
)
Q2,1
is integrally closed (and hence regular too).
The projective dimension of the RF,G-module H0
(
Gal(Qp/Qp),
Dρ2
Fil+Dρ2
)∨
equals one.
Proposition 4.3, Lemma 4.4 and Lemma 4.8 establish Reg-ρ2. Lemma 4.16 and Proposition 4.17
in [27] establish Reg-ρ3.
The control theorems that relate SelΣ0ρ3 (Q)
∨⊗RF,G[[Γ]]RF,G with SelΣ0ρ2 (Q)∨, given in equation (7),
and SelΣ0ρ2 (Q)
∨ ⊗RF,G Rf,G with SelΣ0ρ1 (Q)∨, given in equation (13), use Proposition 5.2 in [27]. The
following flowchart summarizes the logical flow involved in those arguments:
Control Theorems: Eq. (7) and (13)
Prop 6.2 in [27]Surj Reg-ρ3, Reg-ρ2
Lemma 4.4 + Lemma 4.5 Lemma 4.8 + Lemma 4.9
Calculations involving global Galois cohomology groups.
Lemma 4.1. Let Q be a height two prime ideal in RF,G satisfying the following properties:
• p /∈ Q.
• iF (PF ) ⊂ Q, for some classical height one prime ideal PF of RF with weight ≥ 2.
Then, (RF,G)Q is a regular local ring with Krull dimension 2.
Proof. We have the following natural inclusions:
i1 : O[[xF ]] →֒ RF , iF : RF →֒ RF,G, iF,G : RG[[xF ]] →֒ RF,G.
Let us define the following prime ideals:
p0︸︷︷︸
height=1
:= i−11 (PF ), Q0︸︷︷︸
height=2
:= i−1F,G(Q).
Since p /∈ Q and the Krull dimension of RF equals two, we have the equality i−1F (Q) = PF .
Furthermore, since PF is a classical height one prime ideal in RF , the extension
(O[[xF ]])p0 →֒ (RF )PF
of discrete valuation rings is finite and étale (see Corollary 1.4 in [16]). Let
R = (RG[[xF ]])Q0 ⊗(O[[xF ]])p0 (RF )PF .
We have the following commutative diagrams:
O[[xF ]] //
i1

RG[[xF ]]
iF,G

RF
iF
// RF,G
(O[[xF ]])p0 //

(RG[[xF ]])Q0

(RF )PF
// R
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Étale morphisms are stable under base change (Proposition 3.22 in Chapter 4 of [26]). So, the
morphism (RG[[xF ]])Q0 → R is also étale. Since PF is a classical height one prime ideal in RF ,
there exists integers n1 and n2 such that (1 + xF )n1 − (1 + p)n2 belongs to PF (and hence belongs
to Q0 as well). The polynomial (1+xF )n1 − (1+ p)n2 is a non-constant monic polynomial. Lemma
1.16 in [27] now forces (RG[[xF ]])Q0 to be a regular local ring with Krull dimension 2. Since the
morphism (RG[[xF ]])Q0 →R is étale, the ring R is regular too (Corollary 3.24 in Chapter 4 of [26]).
The natural (O[[xF ]])p0 -algebra maps
(RG[[xF ]])Q0 →֒ (RF,G)Q , (RF )PF →֒ (RF,G)Q
give us a natural (O[[xF ]])p0 -algebra map R→ (RF,G)Q. If we let Q1 be the prime ideal in R that
Q pullbacks to, we get a natural map β : RQ1 → (RF,G)Q of local rings. Using the fact that the
completed tensor product RF,G satisfies the universal property of being a co-product in the category
of complete semi-local Noetherian O-algebras, we can deduce the following natural isomorphism:
RG[[xF ]]⊗O[[xF ]] RF ∼= RF,G.(21)
Equation (21) gives us a natural map RF,G →R. We obtain the two following sequence of maps:
RF,G →RQ1
β−→ (RF,G)Q, (RF,G)Q
β′−→ RQ1
β−→ (RF,G)Q
The second sequence of maps in the equation above is obtained by localizing the first sequence of
maps with respect to the prime ideal (corresponding to) Q. The composition β ◦ β′ is the identity
map. Thus, the map β must be surjective. In fact, β turns out to be an isomorphism. To see this,
it suffices to show that ker(β) equals 0. Since the Krull dimensions of both RQ1 and (RF,G)Q equal
two, the height of the prime ideal ker(β) must equal 0. Since RQ1 is a domain (it is in fact a regular
local ring), ker(β) must equal 0. This completes the proof since RQ1 is a regular local ring. 
Lemma 4.2. The Rf,G-module H
0(GΣ,Dρ1)
∨ is not supported at any height 1 prime ideal of Rf,G
containing the prime number p. Consequently, the Rf,G-module H
0(GΣ,Dρ1)
∨ is torsion.
Proof. Let q be a height one prime ideal in Rf,G containining p. Let K denote the fraction field
of Rf,G
q
. Note that the characteristic of K is equal to p. We have the following GΣ-equivariant
isomorphisms:
D∨ρ1
∼= HomRf,G
(
LG ⊗RG Rf,G , Lf ⊗Of Rf,G
)
,
=⇒ D∨ρ1 ⊗Rf,G K ∼= HomK (VG, Vf ) .
Here, Vf and VG are K-vector spaces with a GΣ-action given by following representations σf and
σG respectively:
σf : GΣ
ρf−→ GL2(Of ) →֒ GL2(Rf,G)→ GL2(K),
σG : GΣ
ρG−−→ GL2(RG) →֒ GL2(Rf,G)→ GL2(K).
To show thatH0(GΣ,Dρ1)
∨ is not supported at p, it will be sufficient to show thatH0 (GΣ,HomK (VG, Vf ))
is equal to 0. Both σf and σG are Galois representations over K, a field of characteristic p. In fact
as a GΣ-representation, σf is isomorphic to the residual representation ρF , after extending scalars
to K. The residual representation ρF is absolutely irreducible (due to the hypothesis IRR). Con-
sequently, the Galois representation σf is irreducible. Thus, to show that H0 (GΣ,HomK (VG, Vf ))
is equal to 0, it will be sufficient to show that σf and σG are not isomorphic as GΣ-representations
over K. For this purpose, it will be sufficient to show that det(σf ) and det(σG) are not isomorphic
as GΣ-representations. The image of det(σf ) lies inside F
×
p . The pullback j
−1
G (q) of the height one
prime ideal q under the map jG : RG →֒ Rf,G is a height one prime ideal (and not the maximal ideal)
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of RG. Consequently, the image of det(σG) lies inside Fp[[xG]]× but does not lie inside F
×
p . Conse-
quently, det(σf ) and det(σG) are not isomorphic as GΣ-representations. The lemma follows. 
Note that RF,Gker(pi2,1) →֒ Rf,G is an integral extension. We have the following isomorphism of Rf,G-
modules: (
H0(GΣ,Dρ2)
∨ ⊗RF,G
RF,G
ker(π2,1)
)
⊗ RF,G
ker(π2,1)
Rf,G ∼= H0(GΣ,Dρ1)∨.(22)
Let Q2,1 be a height two prime ideal in RF,G containing ker(π2,1). It uniquely corresponds to a
height one prime ideal p in RF,Gker(pi2,1) ; And there exist finitely many height one prime ideals q1, . . . , qn
in Rf,G lying above p. A simple application of Nakayama’s lemma along with equation (22) lets us
make the following observation: A height two prime ideal Q2,1 in RF,G containing ker(π2,1) belongs
to the support of H0(GΣ,Dρ2)
∨ if and only if one of the height one prime ideals qi (for 1 ≤ i ≤ n) in
Rf,G belongs to the support H0(GΣ,Dρ1)
∨. These observations along with Lemma 4.1 and Lemma
4.2 immediately give us the following proposition:
Proposition 4.3. Let Q2,1 be a height two prime ideal containing ker(π2,1).
• If p ∈ Q2,1, then
(
H0(GΣ,Dρ2)
∨)
Q2,1
= 0.
• If p /∈ Q2,1, then (RF,G)Q2,1 is a regular local ring of dimension 2.
Let Pk be the classical height one prime ideal corresponding to f . Here, Pk is defined to be the
kernel of the natural map πf : RF → Of . The ring Of , defined to be the integral closure of RFPk ,
is the ring of integers in a finite extension of Qp. As a result, the index
[
Of :
RF
ker(pif )
]
is finite and
equal to a power of p. The ring Rf,G is the completed tensor product Of ⊗̂RG (over the ring O).
The map π2,1 : RF,G → Rf,G is obtained naturally via the maps
πf : RF → Of , id : RG =−→ RG.
So, the cokernel of the natural inclusion RF,Gker(pi2,1) →֒ Rf,G is also annihilated by a power of p. We
obtain the following lemma:
Lemma 4.4. Let q be a height one prime ideal in Rf,G not containing p. Let Q2,1 denote the
height two prime ideal in RF,G, containing ker(π2,1), given by π
−1
2,1(q). Then, the following natural
inclusion is an equality: (
RF,G
ker(π2,1)
)
Q2,1
=→֒ (Rf,G)q .
Lemma 4.2 also lets us conclude that H0(GΣ,Dρ1)
∨ is a torsion Rf,G-module. Combining equa-
tion (22) with Nakayama’s lemma, we can then conclude that
(
H0(GΣ,Dρ2)
∨)
ker(pi2,1)
= 0.
What we also obtain is that H0(GΣ,Dρ2)
∨ is a torsion RF,G-module. Considering RF,G as an
RF,G[[Γ]]-module via the map π3,2 : RF,G[[Γ]] → RF,G, we also have the following isomorphism of
RF,G-modules:
H0(GΣ,Dρ3)
∨ ⊗RF,G[[Γ]] RF,G ∼= H0(GΣ,Dρ2)∨.(23)
Nakayama’s lemma lets us conclude that
(
H0(GΣ,Dρ3)
∨)
ker(pi3,2)
= 0. We have shown that the
following equality holds:(
H0(GΣ,Dρ3)
∨)
ker(pi3,2)
=
(
H0(GΣ,Dρ2)
∨)
ker(pi2,1)
= 0.
Since the Tor functor commutes with localization, we immediately get the following lemma:
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Lemma 4.5. For all i ≥ 0, the following statements hold:
• The RF,G-module TorRF,G[[Γ]]i
(
RF,G, H
0(GΣ,Dρ3)
∨) is torsion,
• The Rf,G-module TorRF,Gi
(
Rf,G, H
0(GΣ,Dρ2)
∨) is torsion.
Calculations involving local Galois cohomology groups. As for the local Galois cohomology
groups, we will begin with the following exact sequence of RF,G[[Γ]]-modules that is Gal(Qp/Qp)-
equivariant:
0→ W︸︷︷︸
corank=1
→ Dρ3
Fil+Dρ3︸ ︷︷ ︸
corank=2
→ W ′︸︷︷︸
corank=1
→ 0, where(24)
W := HomRF,G
(
LF
Fil+LF
⊗RF RF,G,
LG
Fil+LG
⊗RG RF,G
)
⊗RF,G ̂RF,G[[Γ]](κ−1),
W ′ := HomRF,G
(
Fil+LF ⊗RF RF,G,
LG
Fil+LG
⊗RG RF,G
)
⊗RF,G ̂RF,G[[Γ]](κ−1).
Note that we also have the following Gal(Qp/Qp)-equivariant isomorphisms of RF,G[[Γ]]-modules:
W ∼= RF,G
(
(iF ◦ ǫ−1F ) · (iG ◦ ǫG)
)
⊗RF,G ̂RF,G[[Γ]](κ−1),
W ′ ∼= RF,G
(
(iF ◦ δ−1F ) · (iG ◦ ǫG)
)
⊗RF,G ̂RF,G[[Γ]](κ−1).
The hypotheses p-DIS-IN ensures us that the residual representation, defined over Fp, associated
to (iF ◦ δ−1F ) · (iG ◦ ǫG) is non-trivial. Consequently, H0(Ip,W ′) = 0. So, we get the following
Gal(Qp/Qp)
Ip
-equivariant isomorphism of RF,G[[Γ]]-modules:
H0
(
Ip,
Dρ3
Fil+Dρ3
)
∼= H0(Ip,W ).(25)
Let ηp denote the unique prime in Q∞ lying above p and let Iηp denote the corresponding inertia
subgroup at ηp. The Galois representation ρ3 is related to the cyclotomic deformation of ρ2. We
have denoted the quotient
Gal(Qp/Qp)
Ip
by Γp. The arguments in Section 3 of [8] combined with the
fact that both the characters ǫF and ǫG are unramified at p give us the following isomorphism that
is Γp-equivariant:
H0(Ip,W ) ∼= H0
(
Iηp , R̂F,G
(
(iF ◦ ǫ−1F ) · (iG ◦ ǫG)
))
∼= R̂F,G
(
(iF ◦ ǫ−1F ) · (iG ◦ ǫG)
)
Taking the Pontryagin duals of the modules in the above equation gives us the following lemma:
Lemma 4.6. We have the following isomorphism of RF,G[[Γ]]-modules that is Γp-equivariant.
H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
= RF,G
(
(iF ◦ ǫF ) · (iG ◦ ǫ−1G )
)
.
Here, we consider RF,G as an RF,G[[Γ]]-module via the map π3,2 : RF,G[[Γ]]→ RF,G.
Note that ap and bp are elements of RF and RG respectively but not elements of O. This is
because the values that ap and bp take at classical specializations of F and G respectively vary as
one varies the weight (see Lemma 3.2 in [15]). Consequently, the ratio iF (ap)iG(bp) is a not an element of
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O (in particular, it is not equal to 1). Thus, the following map of free RF,G-modules (of rank 1),
which is given by multiplication by iF (ap)iG(bp) − 1, is injective:
H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
Frobp−1−−−−−→ H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
.
The Frobenius at p, denoted by Frobp, is a topological generated for Γp. This gives us the following
equality:
H1
(
Γp,H
0
(
Ip,
Dρ3
Fil+Dρ3
))
= 0.
Arguing similarly, we get the following results for the modules related to ρ2 and ρ1:
H0
(
Ip,
Dρ2
Fil+Dρ2
)
∼= R̂F,G
(
(iF ◦ ǫ−1F ) · (iG ◦ ǫG)
)
,(26)
H1
(
Γp, H
0
(
Ip,
Dρ2
Fil+Dρ2
))
= 0.
H0
(
Ip,
Dρ1
Fil+Dρ1
)
∼= R̂f,G
(
(jF ◦ ǫ−1F ) · (iG ◦ ǫG)
)
,
H1
(
Γp, H
0
(
Ip,
Dρ1
Fil+Dρ1
))
= 0.
Combining these observations, we get the following lemma:
Lemma 4.7. Let i ∈ {1, 2, 3}. Then, H1
(
Γp, H
0
(
Ip,
Dρi
Fil
+Dρi
))
= 0.
Consider the short exact sequence 0 → RF,G[[Γ]] γ0−1−−−→ RF,G[[Γ]] → RF,G → 0 of RF,G[[Γ]]-
modules. Here, γ0 is a topological generator for the pro-cyclic group Γ. Taking the tensor product
with the RF,G[[Γ]]-module H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
over the ring RF,G[[Γ]], we get the following exact
sequence:
0→TorRF,G[[Γ]]1
(
RF,G, H
0
(
Ip,
Dρ3
Fil+Dρ3
)∨)
→
→ H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
γ0−1−−−→ H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
→
→ H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
⊗RF,G[[Γ]] RF,G → 0.
By Nakayama’s lemma, the natural surjection
H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
→ H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
⊗RF,G[[Γ]] RF,G
must be an isomorphism since it is a map between free RF,G-modules of rank 1 (see Lemma 4.6
and equation (26)). This tells us that the map H0
(
Ip,
Dρ3
Fil+Dρ3
)∨ γ0−1−−−→ H0 (Ip, Dρ3Fil+Dρ3 )∨, given
by multiplication by the element γ0 − 1, is the zero map. Using Lemma 4.6, we get the following
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isomorphism of RF,G-modules that is Γp-equivariant:
Tor
RF,G[[Γ]]
1
(
RF,G, H
0
(
Ip,
Dρ3
Fil+Dρ3
)∨)
∼= H0
(
Ip,
Dρ3
Fil+Dρ3
)∨
∼= RF,G
(
(iF ◦ ǫF ) · (iG ◦ ǫ−1G )
)
.
This observation, along with equation (26), immediately gives us the following lemma:
Lemma 4.8. We have the following isomorphism of torsion RF,G-modules:
Tor
RF,G[[Γ]]
1
(
RF,G, H
0
(
Ip,
Dρ3
Fil+Dρ3
)∨)
Γp
∼= RF,G(
1− iF (ap)iG(bp)
) ,
H0
(
Gal(Qp/Qp),
Dρ2
Fil+Dρ2
)∨
∼= RF,G(
1− iF (ap)iG(bp)
) .
Lemma 4.9.
• For all i ≥ 2, we have TorRF,G[[Γ]]i
(
RF,G, H
0
(
Ip,
Dρ3
Fil+Dρ3
)∨)
= 0.
• For all i ≥ 1, we have TorRF,Gi
(
Rf,G, H
0
(
Ip,
Dρ2
Fil+Dρ2
)∨)
= 0.
Proof. The first statement simply follows from the fact that as an RF,G[[Γ]]-module, the projective
dimension of RF,G (which is isomorphic to
RF,G[[Γ]]
(γ0−1) as an RF,G[[Γ]]-module) is equal to 1. The
second statement follows from equation (26), since H0
(
Ip,
Dρ2
Fil+Dρ2
)∨
is a free RF,G-module. 
Lemma 4.10.
H2
(
Gal(Qp/Qp),Dρ1
)
= H2
(
Gal(Qp/Qp),Fil
+Dρ1
)
= H2
(
Gal(Qp/Qp),Dρ2
)
= H2
(
Gal(Qp/Qp),Fil
+Dρ2
)
= 0.
Proof. We will show that H2
(
Gal(Qp/Qp),Dρ2
)
= 0. The rest of the lemma follows using similar
arguments. By local duality, we have
H2
(
Gal(Qp/Qp),Dρ2
) ∼= H0 (Gal(Qp/Qp), L∗2) ,
where L∗2 ∼= HomRF,G (LG ⊗RG RF,G, LF ⊗RF RF,G(χp)) .
Here, χp : GΣ → Z×p is the p-adic cyclotomic character given by the action of GΣ on µp∞ , the
p-power roots of unity. Let E denote the fraction field of RF,G. We define the following vector
spaces over E that have an action of Gal(Qp/Qp):
VF (χp) := LF ⊗RF E(χp), VG := LG ⊗RG E.
It will be sufficient to show that
HomE (VG, VF (χp))
Ip ?= 0.(27)
Both VF (χp) and VG are reducible representations for the action of Gal(Qp/Qp). Let the VF (χp)
ss
and V ssG denote the semi-simplifications of VF (χp) and VG respectively for the action of the inertia
subgroup Ip. We have the following Ip-equivariant isomorphisms:
VF (χp)
ss ∼= E
(
χp(iF ◦ δF )
)
⊕ E(χp), V ssG ∼= E(iG ◦ δG)⊕ E.
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In this paragraph, we will consider characters over the inertia group Ip. The values of the character
χp(iF ◦ δF ) lie inside the ring RF but not inside the ring O. Similarly, the values of the character
iG ◦δG lie inside the ring RG but not inside the ring O. As a result, the character χp(iF ◦δF ) cannot
equal iG ◦ δG or the trivial character. Also, the p-adic cyclotomic character χp (which takes values
in Z×p ) cannot equal the character iG ◦ δG or the trivial character. Equation (27) now follows from
these observations; and hence so does the lemma. 
The validity of the Weak Leopoldt conjecture Weak Leo along with Proposition 6.1 in [9] and
Proposition 5.2.4 in [10] gives us the following corollary to Lemma 4.10 .
Corollary 4.11. H2 (GΣ,Dρ1) = H
2 (GΣ,Dρ2) = H
2 (GΣ,Dρ3) = 0.
5. Examples when RF is not regular
To end, we will provide some examples when RF , the normalization of a primitive component of
the ordinary Hecke algebra, is not a UFD (and hence not regular). These examples will be based on
the circle of ideas developed in [21], [3] and [2]. We have used Sage [4] to perform the computations.
Let E = Q(
√
D) be a real quadratic field with discriminant D > 0, and where the prime p splits;
we have (p) = p1p2 for two distinct prime ideals p1 and p2 in the ring of integers of the number field
E. Let k be an even integer strictly greater than 2. Let χE : Gal(Q/Q) → {±1} be the quadratic
character associated to E. Let ǫ be a fundamental unit for E. Let us suppose that the following
condition holds:
p divides NormE/Q
(
ǫk−1 − 1
)
.(28)
We will assume as a result, without loss of generality, that ǫk−1 − 1 ∈ p1. Equation (28) allows
us to apply Proposition 2.1 in [21]. We have an ordinary p-stabilized newform f =
∑
n≥1
an(f)q
n in
Sordk (Dp,χE) such that the residual representation ρf (defined over a finite field F with characteristic
p) associated to f satisfies the following properties:
ρf is absolutely irreducible, ρf ⊗ χE ∼= ρf , ρf is p-ordinary (in the sense of [1]).
Let O denote the ring of integers in a finite extension of Qp containing the unique unramified
quadratic extension of Qp, the ring of Witt vectors W (F) and the pr-th roots of unity (where pr
denotes the exponent of the p-Sylow subgroup of the ideal class group of E). Let hord(Dp∞, χE , O)
denote the universal p-ordinary Hecke algebra, with coefficients in O, with tame level D and whose
prime-to-p part of the Nebentypus equals the character χE . Let hm be the unique local ring of
hord(Dp∞, χE , O) through which the following ring homomorphism factors:
λf : h
ord(Dp∞, χE , O)→ Fp, given by
λf (Tl) = al(f),∀ primes l not dividing Dp,
λf (Ul) = al(f), ∀ primes l dividing Dp.
See [16] for a definition of the Hecke operators Tl and Ul. Also note that hm is the “full” Hecke
algebra generated by the Hecke operators Tl along with the diamond operators < l > for primes l
not dividing Dp and the Ul operators for primes l dividing Dp. Let ρm : GQ → GL2(hm) denote the
Galois representation (section 2.4 of [5]) such that Trace(ρm(Frobl)) = Tl, for all primes l ∤ Dp.
Let CNLO denote the category of complete, Noetherian, local O-algebras whose residue field
equals the residue field of O. Let SETS denote the category of sets. Consider the deformation
functor F : CNLO → SETS that, for every B ∈ CNLO, is given by strict equivalence classes of
deformations ̺ : GQ → GL2(B) that are of type D and such that the residual representation
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associated to the deformation ̺ is isomorphic to ρf . A Galois representation ̺ : GQ → GL2(B) is
said to be of type D if it satisfies the following properties:
• ̺ is unramified at all primes l not dividing Dp.
• The restriction ̺ |Gal(Qp/Qp) to the decomposition group at p is p-ordinary.
• If l is a prime dividing D, we have ρ |Gal(Ql/Ql) ∼
(
1 0
0 χE
)
.
Suppose also that the following condition holds:
2(k − 1) 6≡ 0 (mod p− 1).(29)
By Theorem 3.9 in [1], the ring hm along with the Galois representation ρm : GQ → GL2(hm)
represents the deformation functor F. The isomorphism ρf ∼= ρf ⊗ χE induces an involution τ :
hm → hm that is O[[xF ]]-equivariant. Let h+m denote the subring of hm fixed by the involution τ .
We have the following natural inclusions of O[[xF ]]-algebras:
O[[xF ]] −֒→ h+m −֒→ hm.
Theorem 1.1 and 1.2 in [16] give us a natural surjection hm ։ hk,m. Here, the ring hk,m denotes
the local factor of hordk (Γ1(Dp), χE , O) (the “full” Hecke algebra acting on the space of ordinary
cuspforms of weight k with Nebentypus χE and conductor Dp generated by the operators T
(k)
l for
primes l ∤ Dp and U (k)l for primes l | Dp) through which the following ring homomorphism factors:
βf : h
ord
k (Γ1(Dp), χE , O)→ Fp,
βf
(
T
(k)
l
)
= al(f), ∀l ∤ Dp, βf
(
U
(k)
l
)
= al(f), ∀l | Dp.
Let us now suppose that the following condition holds:
RankO hk,m = 2.(30)
Nakayama’s lemma and the fact hm is a free O[[xF ]]-algebra (Theorem 3.1 in [17]) then let us
conclude that RankO[[xF ]] hm = 2. Note that by Corollary 3.12 in [2], the natural inclusion h
+
m
6∼=→֒ hm
is not an isomorphism. So, the natural inclusion O[[xF ]]
∼=→֒ h+m must be an isomorphism. By
Theorem 1.1 in [3], we have the following isomorphism of O[[xF ]]-algebras:
hm ∼= h+m [ϑ] ∼= O[[xF ]][ϑ], where ϑ2 =
√(
(1 + xF )
log(ǫ)
log(1+p) − 1
)
.(31)
The function log denotes the p-adic logarithm on E that is determined by the inclusion E →֒ Ep1 ,
where the field Ep1 denotes the completion of the field E with respect to the valuation Valp1 given
by the prime ideal p1. Note that Ep1 ∼= Qp. Now, let us further suppose that ǫ is a p-th power in
Ep1 . This condition is satisfied precisely when the following inequality holds:
Valp1
(
ǫp−1 − 1) ≥ 2.(32)
In this case, the element (1 + xF )
log(ǫ)
log(1+p) − 1 is a square-free polynomial in O[[xF ]] and a product
of at least 2 distinct irreducible elements of O[[xF ]]. As a result, the local ring hm is an integrally
closed domain that is not a UFD. Finally, we let F equal the unique Hida family passing through f .
Remark 7. The Galois representation ρm, as constructed in Section 2.4 of [5], takes values in
the “reduced” ordinary Hecke algebra hredm (generated by the Hecke operators Tl and the diamond
operators < l >, for primes l not dividing Dp). Note that hredm is a subring of hm. Theorem 3.9 in
[1], in fact, identifies the universal deformation ring for the functor F with hredm . It is Proposition
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2.4.2 in [5] that provides us an isomorphism hredm ∼= hm. See Theorem 12 in [6] that also addresses
this fact.
Remark 8. We will now explain how to ascertain that RankO hk,m = 2. Let us define the following
set of Hecke eigenforms of conductor Dp, weight k and Nebentypus χE with coefficients in Qp:
Bk,m,st = {g
∣∣ g is a p-stabilized Hecke eigenform in Sordk (Dp,χE),
a1(g) = 1, al(f) ≡ al(g) (mod l), ∀l ∤ Dp}.
By Corollary 3.7 in [16], it suffices to show that |Bk,m,st| = 2. Note that since f and its twist f⊗χE
belong to the set Bk,m,st, we have |Bk,m,st| ≥ 2. For each g ∈ Bk,m,st, let g0 be the unique newform
associated to it (Theorem 3.22 in [22]). Throughout this remark, it will be useful to keep in mind
that since the weight k is strictly greater than 2 and that the conductor of χE is equal to D (and
hence of order prime to p), the conductor of g0 is also equal to D (Proposition 3.1 in [15]). We will
now use the following code in Sage to construct a set Bfull, whose Gal(E/Q)-orbit equals the set of
all normalized (new) Hecke eigenforms of weight k, conductor D and Nebentypus χE :
%sage B_full = Newforms(chi_E, k, names=’alpha’);
For each g ∈ Bfull, let Kg denote the number field generated by the Hecke eigenvalues of g. Note
that if the p-stabilization of g belongs to Bk,m,st and if l is a prime that remains inert in the extension
E/Q, then l divides NormKgQ (al(g)). This is because the residual Galois representation ρg associated
to g (which is isomorphic to ρf ) would be isomorphic to ρg ⊗ χE (since ρf ∼= ρf ⊗ χE). Define a
subset B′k,m,new of Bfull which contains those newforms g such that l divides NormKgQ (al(g)), for all
primes l that remain inert in the extension E/Q and such that 3 ≤ l ≤ 100. In the examples listed in
Table 1, |B′k,m,new| turns out to be 1. And hence in those examples, the Gal(E/Q)-orbit of B′k,m,new
is in bijection with the set Bk,m,st (the bijection is obtained through the process of p-stabilization)
leading us to conclude that |Bk,m,st| = 2× |B′k,m,new| = 2. This will ascertain that RankO hk,m = 2.
Remark 9. Fixing a quadratic field Q(
√
D) and letting the primes p vary, it seems computationally
difficult to find a large number of primes p such that equation (32) holds. William Stein informed us
that the complexity of the code in Remark 8 is O ((Dk)3). This explains the paucity of our examples.
Table 1. RF = hm = O[[xF ]]
[√
(1 + xF )
log(ǫ)
log(1+p) − 1
]
Q(
√
D) (k, p) ǫ NormE/Q
(
ǫk−1 − 1) Valp1 (ǫp−1 − 1) [Kf : Q]
Q(
√
10 ∗ 4) (20, 191) √10 + 3 −1∗2∗3∗1912∗4523∗1021973 2 112
Q(
√
33) (10, 37) 4
√
33 + 23 −1 ∗ 22 ∗ 11 ∗ 374 ∗ 472 ∗ 712 2 32
Q(
√
89) (4, 5) 53
√
89+500 −1 ∗ 23 ∗ 53 ∗ 1000003 3 22
Q(
√
89) (6, 5) 53
√
89+500 −1∗23 ∗54 ∗11∗18181909091 3 36
Q(
√
629) (4, 5)
√
629+25
2 −1 ∗ 22 ∗ 52 ∗ 157 2 168
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